
“Σπουδές στις Φυσικές Επιστήμες”, Ελληνικό Ανοικτό Πανεπιστήμιο, 30.05.2024

Αριθμητική και αναλυτική περιγραφή 
του βαρυτικού σήματος τοπογραφικών μαζών

Δημήτριος Τσούλης

Τμήμα Αγρονόμων και Τοπογράφων Μηχανικών
Τομέας Γεωδαισίας και Τοπογραφίας

Αριστοτέλειο Πανεπιστήμιο Θεσσαλονίκης

“Σπουδές στις Φυσικές Επιστήμες”, Ελληνικό Ανοικτό Πανεπιστήμιο, 30.05.2024



“Σπουδές στις Φυσικές Επιστήμες”, Ελληνικό Ανοικτό Πανεπιστήμιο, 30.05.2024
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Sq†ma 3.1: BarÔthta, dÔnamh èlxhc kai fugìkentroc dÔnamh

~g = ~F + ~f , (3.12)

ìpou ~g e–nai h dÔnamh thc barÔthtac, ~F h dÔnamh èlxhc exait–ac tou sunìlou twn
mazÿn sto eswterikì thc ghc kai ~f dhlÿnei th fugìkentro dÔnamh. H teleuta–a e–nai
m–a sunàrthsh thc gwniak†c taqÔthtac peristrof†c thc ghc ~! kai thc apìstashc
~r tou shme–ou upologismoÔ apì ton àxona peristrof†c. H fugìkentroc dÔnamh
perigràfetai austhrà apì thn akìloujh dianusmatik† sqèsh

~f = °m ~! £ (~! £ ~r) , (3.13)

ìpou o orismìc ìlwn twn dianusmatikÿn megejÿn fa–netai sto Sq†ma 3.1, to sÔm-
bolo £ dhlÿnei to exwterikì ginìmeno dÔo dianusmàtwn kai to arnhtikì prìshmo
ekfràzei to gegonìc ìti ta dianÔsmata ~!, ~! £ ~r kai ~! £ (~! £ ~r) sqhmat–zoun èna
dexiìstrofo sÔsthma anaforàc, ètsi ÿste h dÔnamh ~f na e–nai omìrroph tou dia-
nÔsmatoc ~r. AnaptÔssontac ton orismì tou exwterikoÔ ginomènou kai agnoÿntac
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Βαρύτητα και οριζόντιο επίπεδο (Τσούλης, 2005, Εισαγωγή στην Τοπογραφία)

66 Eisagwgikèc ènnoiec tou ped–ou barÔthtac
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Sq†ma 3.7: Orismìc tou orizont–ou epipèdou

~g = ° g ~eg . (3.30)

Edÿ to arnhtikì prìshmo dhlÿnei th mìnimh ant–jeth forà metaxÔ thc dieujÔnsewc
tou zen–j kai thc dieujÔnsewc thc katakorÔfou se kàje shme–o tou qÿrou. Epiplè-
on, ta àlla dÔo dianÔsmata thc topik†c bàshc (~e

1
,~e

2
) or–zoun to monadikì orizìntio

ep–pedo pou dièrqetai apì to shme–o upologismoÔ.

Mèqri tÿra anaferj†kame sth dÔnamh thc barÔthtac ~g kai perigràyame sunoptikà
pÿc sundèetai me th gewmetr–a tou ped–ou barÔthtac. Poia e–nai ìmwc h diaforà
autoÔ tou megèjouc apì th gnwst† se ìlouc mac arijmhtik† tim† twn 9.8 m sec°2,
pou ekfràzei to rujmì me ton opo–o ìla ta sÿmata anexàrthta apì th sÔstash † th
sunolik† touc màza èlkontai proc thn epifàneia thc ghc; Poia e–nai me àlla lìgia
h diaforà metaxÔ thc dÔnamhc thc barÔthtac kai thc epitàqunshc thc barÔthtac;
E–nai shmantikì na ton–soume ìti prìkeitai gia dÔo diaforetikà dianusmatikà megè-
jh. To èna ekfràzei dÔnamh kai to sumbol–same me ~g, enÿ to deÔtero epitàqunsh,
gia thn opo–a ac qrhsimopoi†soume edÿ to sumbolismì ~G. To prÿto metriètai se
monàdec dÔnamhc, dhlad† kg m sec°2 † isodÔnama Newton, ìpou isqÔei (bl. Paràr-
thma A) 1 N = 1 kg m sec°2, to deÔtero èqei monàdec epitàqunshc, dhlad† m sec°2.
Mpore– loipìn na prokalèsei sÔgqush h qr†sh thc gnwst†c arijmhtik†c tim†c 10 †
9.8, ìtan anafèretai se kàti àllo ektìc apì epitàqunsh. Se ìlh thn prohgoÔmenh
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Αρχή μέτρησης βαρυτημέτρου (Αραμπέλος, 2000, Βαρυτημετρία)
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sthn trèqousa enìthta. ’Omwc, h diadikas–a twn anagwgÿn barÔthtac prokale–, ì-
pwc e–nai fusikì, m–a metabol† sto dunamikì thc barÔthtac, to opo–o ekfràzei thn
elktik† ep–drash tou sunìlou twn g†inwn mazÿn, kai katà sunèpeia m–a metabol†
sthn –dia thn epifàneia tou geweidoÔc, ton prosdiorismì thc opo–ac ousiastikà
uphrete–. Gia touc parapànw lìgouc o swstìc upologismìc thc ex–swshc (6.1)
sundèetai me m–a swst† qr†sh thc ep–drashc thc topograf–ac sto pla–sio enìc upo-
logistikoÔ sq†matoc pou e–nai gnwstì sth bibliograf–a wc sq†ma apomàkrunshc
kai epanaforàc (remove-restore scheme) me m–a tautìqronh ekt–mhsh thc legìmenhc
èmmeshc ep–drashc sta uyìmetra tou geweidoÔc.

P•

HP

P

H = 0 (Geoid, W = Wo)•
o

Earth’s surface

Bouguer plate
  m+

  m −

Sq†ma 6.1: H topografik† ep–drash apotele–tai apì thn anagwg† miac ep–pedhc plàkac
Bouguer kai apì thn topografik† diìrjwsh, pou ekfràzei tic apokl–seic tou pragmatikoÔ
anaglÔfou apì thn plàka Bouguer
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Ψηφιακό μοντέλο εδάφους (Τσούλης, 2013, Εφαρμογές Θεωρίας Δυναμικού)

404 Efarmogèc se yhfiakà montèla edàfouc
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Sq†ma 6.4: Ex’ orismoÔ èna yhfiakì montèlo edàfouc prosfèrei m–a diakritopoihmènh
anaparàstash thc suneqoÔc pragmatikìthtac

oi opo–ec sqhmat–zoun èna trisdiàstato plègma sto qÿro pou katalambànoun oi to-
pografikèc màzec. To Sq†ma 6.5 parousiàzei aut†n th diadikas–a prosèggishc.
P upodhlÿnei to shme–o upologismoÔ kai i = 1, .., 4 e–nai ta shme–a dedomènwn
tou yhfiakoÔ montèlou edàfouc. To orjogÿnio pr–sma pou antistoiqe– sthn uyo-
metrik† diaforà metaxÔ tou shme–ou P kai tou kàje enìc apì ta shme–a dedomènwn
diakritopoie–tai mèsw kanonikÿn kÔbwn, dhlad† me èna b†ma diakritopo–hshc –so me
dz = 50 m. To telikì strÿma pou prokÔptei apì thn asumfwn–a metaxÔ thc uyo-
metrik†c diaforàc dH kai enìc akèraiou pl†jouc kÔbwn  lambànetai upìyh me th
bo†jeia orjogÿniwn parallhlepipèdwn pou èqoun diastàseic 50 ⇥ 50 ⇥ �h, ìpou
�h = dH �  ⇥ 50. To epìmeno b†ma perilambànei thn prosèggish twn ep– mèrouc
stoiqeiwdÿn keliÿn pou prokÔptoun apì thn parapànw diadikas–a apì shmeiakèc
màzec oi opo–ec èqoun thn –dia màza me ta stoiqeiÿdh pr–smata kai e–nai topojeth-
mènec sta kèntra màzac touc.

H shmeiak† prosèggish antistoiqe– se m–a omogen† sfa–ra, h opo–a ìpwc èqoume †dh
dei èlkei èna opoiod†pote shme–o pou br–sketai sto exwterikì thc san m–a shmeiak†
màza pou èqei thn –dia sunolik† màza me th sfa–ra kai e–nai topojethmènh sto kèn-
tro thc (bl. sqèsh 3.37). O bajmìc thc prosèggishc autoÔ tou teleuta–ou b†matoc
exartàtai apì thn epilog† thc diakritopo–hshc twn orjogÿniwn prismàtwn pou o-
r–zontai gia tic ep– mèrouc uyometrikèc diaforèc metaxÔ tou shme–ou upologismoÔ
kai twn shme–wn twn dedomènwn tou DTM sth dieÔjunsh tou z. Ta Sq†mata 6.6
kai 6.7 parousiàzoun thn elktik† ep–drash enìc orjogwn–ou parallhlepipèdou u-
pologismènh me th bo†jeia thc kleist†c analutik†c sqèshc (6.21). O upologismìc
èqei pragmatopoihje– katà m†koc m–ac gramm†c pou dièrqetai apì thn epànw ep–pedh
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Πεδία Εφαρμογών

• Γεωδαισία και Γεωφυσική (τοπογραφικές επιδράσεις, ανωμαλίες 
βαρύτητας, γεωειδές, αποκλίσεις της κατακορύφου, από αέρα 
βαρυτημετρία και βαθμιδομετρία, ανάλυση δορυφορικών δεδομένων)

• Αστρονομία (βαρυτικό πεδίο πλανητών και αστεροειδών)
• Εργαστηριακά πειράματα (ζυγός στρέψης, σταθερά έλξης Newton)
• Ακριβής προσδιορισμός δορυφορικής τροχιάς
• Δυναμική μοντελοποίηση / Μεταβολές και ισοζύγια μάζας
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Υπολογιστικές στρατηγικές
• Αναλυτικές (κλειστές λύσεις)
• Αριθμητικές (προσεγγιστικές λύσεις βασιζόμενες σε κάποια τυπική

μέθοδο αριθμητικής ολοκλήρωσης, ανάπτυγμα σε σειρά στην
αντίστοιχη γεωμετρία, σφαιρικές αρμονικές)

• Φασματικές (FFT, Wavelet) à DTM (Digital Terrain Model)
• Υβριδικές

• Γεωμετρίας απλού (ιδεατού) σώματος (ορθογώνιο πρίσμα, πρίσμα με 
κεκλιμένη οροφή, πολύεδρο, κύλινδρος, σφαιρικό πρίσμα, tesseroid…)

• Γεωμετρία ενός DTM (όλες οι γεωμετρίες απλών σωμάτων + DTM 
χαρακτηριστικά (διγραμμικές επιφάνειες, πολυωνυμικές επιφάνειες) + 
φασματικές και υβριδικές μέθοδοι με έμφαση στα ‘Near Zone effects’)

Διάκριση μεταξύ
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• Tsoulis D, Petrović S (2001) Geophysics
• Tsoulis D (2012) Geophysics (+ Fortran)
• Tsoulis D, Gavriilidou G (2021) Geophysical Prospecting (+ Matlab)
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Figure 7 Geometric representation of the second condition for the
retrieval of the coordinates of point P′′.

any other vector that lies on that surface, for instance vector
(x′ − x) of the first condition. Consequently, the inner product
between (Gi j × y) and (x′ − x) will be equal to zero, due to the
fact that these two vectors are perpendicular (Fig. 7), and we
will have

(x′ − x) ·
(
Gi j × y

)
= 0 (37)

and finally

x′ ·
(
Gi j × y

)
= x ·

(
Gi j × y

)
. (38)

The left-hand side of equation (38) is a real number which
can be directly evaluated via the known components of all
involved vectors. If we express the cross product (Gi j × y) in
a component form

Gi j × y = α2 ex + b2ey + c2ez (39)

a2,b2, c2 will be known numerical quantities.Now, equa-
tion (38) becomes the second equation for the computation of
the P′′ coordinates

d2 = xp′′ a2 + yp′′b2 + zp′′c2 (40)

with

d2 = x′ ·
(
Gi j × y

)
(41)

expressing a known numerical quantity.
Third condition: Finally, let x1 be the position vector of

the starting point of each considered segment, i.e. it will hold

x1 =
(
x1i j

)
ex +

(
y1i j

)
ey +

(
z1i j

)
ez (42)

with x1i j, y
1
i j, z

1
i j the known coordinates of the origin of the con-

sidered segment. Vector (x − x1) begins at the first vertex of
the segment and ends at the unknown point P′′. This new vec-
tor belongs to the plane of the examined polyhedral face and
lies on the direction of the segment. From the second condi-
tion, it is already shown that (Gi j × y) is a vector perpendicu-
lar to the plane of the polyhedral face. Thus, the cross product

Figure 8 Geometric representation of the third condition for the re-
trieval of the coordinates of point P′′.

between (Gi j × y) and Gi j defines a new vector that is nor-
mal to the plane defined by vectors (Gi j × y) and Gi j. In turn,
this fact dictates that vector (Gi j × y) × Gi j will be perpen-
dicular to the segment vector and consequently perpendicular
to vector (x − x1) as well (Fig. 8). From the above consider-
ations, the third geometric condition, which will lead to the
third equation for the determination of the coordinates for
point P′′, results from the fact that the inner product between
vectors (Gi j × y) × Gi j and (x − x1) will be equal to zero. This
reads

(x − x1) ·
((
Gi j × y

)
× Gi j

)
= 0 (43)

and finally

x1 ·
((
Gi j × y

)
× Gi j

)
= x ·

((
Gi j × y

)
× Gi j

)
(44)

where the left-hand side defines a known scalar value, namely

d3 = x1 ·
((
Gi j × y

)
× Gi j

)
. (45)

The right-hand side contains the sought coordinates of P′′

and the double cross product in parentheses,which is a known
vector, as it is defined by known quantities. In other words, the
expression in question can be written in the following form:
((
Gi j × y

)
× Gi j

)
= α3 ex + b3ey + c3ez, (46)

where a3,b3, c3 are known scalar quantities. In this manner,
equation (44) can be written in its final form as

d3 = xp′′ a3 + yp′′b3 + zp′′c3. (47)

© 2021 European Association of Geoscientists & Engineers, Geophysical Prospecting, 69, 1745–1760
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Σφαιρικές αρμονικές για το γενικευμένο πολύεδρο
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Fig. 1 Algorithmic
representation of a prismatic
source through a number of
simple tetrahedra. The harmonic
coefficients for the potential of
the prism computed at point P
according to the recurrent
procedure of the linear
algorithm will be obtained by
partitioning the prism into the
six tetrahedra shown here, all
having the common vertex P .
The final values for the
coefficients will be obtained
algebraically according to
U = −U1 − U2 − U3 + U4 +
U5 + U6

U
P

P P

P P

P

U U

U U U

1 2 3

4 5 6

Fig. 2 Coordinate systems (a) and basic geometric definitions (b) (face
and edge numbering) for the tetrahedron representation

We may introduce, for the sake of simplicity, the follow-
ing parameter for the representation of the three-dimensional
integral in the right-hand side of Eq. 2

Hn,m =
∫ ∫ ∫

Q∈U

hn,m(Q)du(Q) (6)

with boldface denoting again a vector function, the simple
notation Hn,m representing the three-dimensional integral of
either component hn,m of the vector hn,m .

Taking into account the equality
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= 1
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and applying the divergence theorem of Gauss to Eq. 2 gives

Hn,m =
∫ ∫ ∫

U

hn,mdu = 1
n + 3

∫ ∫

σo

r hn,m ur · nodσ

(8)

Equation 7 transforms now at a first instance the three-
dimensional integral at the right-hand side of Eq. 2 to a sole
surface integral, which expresses the flow of the vector field
r hn,m ur through the triangular face that belongs to the poly-
hedral surface σo and defines the specific tetrahedron, with ur
expressing the unit vector along the radial coordinate of the
local spherical coordinate system, and hn,m denoting either
component of the ‘vector function’ hn,m . The derivation of
Eq. 7 expresses also the fact that vector ur is per definition
orthogonal to all three normal vectors nk , k = 1, . . . , 3, of
the three tetrahedral faces not belonging to the polyhedron.
Since all three faces building each simplex share the origin
as common vertex, the direction vector ur will be always
orthogonal to the normal vectors nk of each face.

From the geometrical setup of Fig. 2b the following
relation can also be obtained directly

r(Q) ur (Q) · no = do, ∀Q ∈ σo (9)
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Fig. 1 Algorithmic
representation of a prismatic
source through a number of
simple tetrahedra. The harmonic
coefficients for the potential of
the prism computed at point P
according to the recurrent
procedure of the linear
algorithm will be obtained by
partitioning the prism into the
six tetrahedra shown here, all
having the common vertex P .
The final values for the
coefficients will be obtained
algebraically according to
U = −U1 − U2 − U3 + U4 +
U5 + U6
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Known asteroid models: Eros

Gavriilidou G, Tsoulis D (2024) Surveys in Geophysics



“Σπουδές στις Φυσικές Επιστήμες”, Ελληνικό Ανοικτό Πανεπιστήμιο, 30.05.2024

Known asteroid models: Didymos
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Eros Didymos
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Figure 1: Height of the melted glacier between 2009 and 2016 at Vernagtferner with 
the circles indicating the gravity sites. 
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    Figure 3: Contribution of all mass elements to the terrain effect Vz of the 2009-

2016 period evaluated at stations GS01, SWZ01, SWZ02 from the first plot to the last. 

The left column shows the results using the prismatic method while the right their 

differences of the polyhedral approach. 

Gavriilidou G, Gerlach C, Tsoulis D (2024) Global and Planetary Change
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Figure 10: Differences on the terrain effect between the two modelling methods, 

prismatic – polyhedral, for the corresponding coarser DTMs. 
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 Figure 13: Differences of the two modelling approaches on the terrain effect 

in μGal with respect to the surface slope at the computation point and plotted against 

a 10 μGal gravimetric campaign target accuracy threshold. 

Gavriilidou G, Gerlach C, Tsoulis D (2024) Global and Planetary Change



“Σπουδές στις Φυσικές Επιστήμες”, Ελληνικό Ανοικτό Πανεπιστήμιο, 30.05.2024

Τοπογραφικές επιδράσεις σε ένα DTM

to the heights of the original DTM with a resolution of 50m, another seven DTMs 

were created whose analysis and statistics are presented in Table 1. The table shows 

the topography smoothing in the derived models. The smoothing is evident especially  

after the 100m resolution DTM as seen in the maximum elevation values. The bold 

line corresponds to the statistics of the original 50m resolution DTM. 

 

 

Figure 1. Contour line map of elevation of the study area. 
 
 

Table 1. Altitude statistics of DTMs of different resolutions. 
Resolution(m) Heights(m) 

 Min Mean Max 

20 626.76 1070.30 2078.60 

25 626.74 1070.40 2077.10 

30 626.80 1070.40 2078.20 

50 627.00 1070.50 2077.00 

75 626.88 1070.50 2077.10 

100 627.00 1070.20 2058.00 

150 627.00 1070.40 2049.00 

300 628.00 1069.30 2025.00 

Κυπριώτης Α (2022) Διπλ. Εργ., ΤΑΤΜ/ΑΠΘ
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Figure 2. Trend of the statistics of topographic correction differences between 
polyhedron and prism. 

 

 

 
Figure 3. Distribution of topographic correction differences between prism and 
polyhedron in the study area. 
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Τοπογραφικές επιδράσεις σε ένα DTM
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Πολύεδρο vs Πρίσμα για διαφορετικές αναλύσεις του DTM
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Πολύεδρο vs Πρίσμα για διαφορετικά υψόμετρα από το DTM
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Figure 4. Trend of the statistics of differences of topographic effects between 
polyhedron and prism. 

 

 

 

Figure 5. Distribution of differences of topographic effects between prism and 
polyhedron at the calculation altitudes of 2250m, 3000m, 5000m and 10000m. 

 

5 Conclusion 

Πολύεδρο vs Πρίσμα για διαφορετικά υψόμετρα από το DTM
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Τρέχοντα και μελλοντικά ερευνητικά αντικείμενα

• Δυναμική μοντελοποίηση πολυεδρικού βαρυτικού σήματος (à
στοχαστικό πολύεδρο, ΔClm, ΔSlm, αβεβαιότητες βαρυτικού σήματος)

• Μεταφορές / ισοζύγια μαζών, αναλύσεις χρονοσειρών
• Συσχέτιση με τρέχουσες και μελλοντικές δορυφορικές αποστολές
• Δυναμική μοντελοποίηση δορυφορικής τροχιάς


